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Abstract 
Unsteady laminar boundary-layer flows of a nanofluid past a stretching sheet with thermal radiation in the presence of magnetic field have 
been studied numerically. The non-similar momentum, energy and concentration equations have been obtained by using non-dimensional 
variables. The non-similar equations are presented here which depends on the useful parameters of the model. The obtained equations 
have been solved by explicit finite difference method with stability and convergence analysis. The velocity, temperature and nanoparticles 
volume fraction profiles as well as the average Shear stress, Nusselt number and Sherwood number at the sheet are discussed for the 
different values of important parameters with different time steps.  
© 2012 The authors, Published by Elsevier Ltd. Selection and/or peer-review under responsibility of the Bangladesh Society 
of Mechanical Engineers 
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Nomenclature 
v velocity components      kinematic viscosity 
density of fluid      t time 
  dimensionless time    U   dimensionless velocity 
T   dimensionless temperature    C   dimensionless volume fraction 
rq   radiative heat flux in the y-direction  M   Magnetic Parameter 
R   Radiation parameter    rP   Prandtl number 
cE   Eckert number     eL   Lewis Number 
bN   Brownian motion parameter   tN   Thermophoresis parameter 
1. Introduction 
The study of Radiative heat transfer in nanofluids is gaining a lot of attention. Moreover the investigation on 
Magnetohydrodynamics (MHD) boundary layer flow over a stretching sheet has attracted considerable  attention  during the  
last  few decades  due  to  its  numerous  applications  in  industrial manufacturing processes such as the aerodynamic 
extrusion of plastic sheets, liquid film, hot rolling, wire drawing, glass-fiber and paper production, drawing of plastic films, 
* Corresponding author. Tel.: +88-041-2831544; fax: +88-041-731244. 
E-mail address: alam_mahmud2000@yahoo.com 
Available online at www.sciencedirect.com
 2013 The Authors. Published by Elsevier Ltd. Open access under CC BY-NC-ND license.
Selection and peer review under responsibility of the Bangladesh Society of Mechanical Engineers
317 Md. Shakhaoath Khan et al. /  Procedia Engineering  56 ( 2013 )  316 – 322 
metal and polymer extrusion and metal spinning. Sakiadis [1] was the first one to analyze the boundary layer flow on 
continuous surfaces. Crane [2] obtained an exact solution the boundary layer flow of Newtonian fluid caused by the 
stretching of an elastic sheet moving in its own plane linearly. El-Kabeir [3] studied the interaction of forced convection and 
thermal radiation during the flow of a surface moving continuously in a flowing stream of micropolar fluid with variable 
viscosity. The nanofluids have many applications in the industries since materials of nanometer size have unique physical 
and chemical properties. Nanofluids are solid-liquid composite materials consisting of solid nanoparticles (or nanofibers 
with sizes typically of 1-100 nm) suspended in liquid. Nanofluids have attracted great interest recently because of reports of 
greatly enhanced thermal properties. A small amount (< 1% volume fraction) of Cupper (Cu) nanoparticles or carbon 
nanotubes dispersed in ethylene glycol or oil is reported to increase the inherently poor thermal conductivity of the liquid by 
40% and 150% respectively (Choi et al., [4]). The interdisciplinary nature of nanofluid research presents a great opportunity 
for exploration and discovery at the frontiers of nanotechnology. Khan and Pop [5, 6] analyzed the development of the 
steady boundary layer flow, heat transfer and nanoparticle fraction over a stretching surface in a Nanofluid. Kuznetsov and 
Nield [7] have studied the classical problem of free convection boundary layer flow of a viscous and incompressible fluid 
(Newtonian fluid) past a vertical flat plate to the case of nanofluids. Syakila and Pop [8] studied the steady mixed 
convection boundary layer flow past a vertical flat plate embedded in a porous medium filled with nanofluids. Bachok et al. 
[9] have investigated the steady boundary-layer flow of a nanofluid past a moving semi-infinite flat plate in a uniform free 
Stream. Tiwari and Das [10] have investigated the natural convection in partially heated rectangular enclosures filled with 
nanofluids. Duangthongsuk and Wongwises [11] analyzed the effect of thermophysical properties models on the predicting 
of the convective heat transfer coefficient for low concentration nanofluid. Gorla et al. [12] have studied mixed convective 
boundary layer flow over a vertical wedge embedded in a porous medium saturated with a nanofluid. 
The aim of the present study is to analyze the effects of magnetic field and thermal radiation on unsteady boundary layer 
nanofluid flow over a stretching surface. Explicit finite difference method (Carnahan et al. [13]) has been used to solve the 
obtained non- similar equations. 
2. Mathematical model of the flow 
Considered the Cartesian coordinates x , measured along the stretching surface and y is the coordinate measured normal 
to the stretching surface. The physical configuration and coordinate system are shown in Fig. 1 (from Khan and Pop [5], Fig 
1). The flow takes place at y 0 . An unsteady uniform stress leading to equal and opposite forces is applied along the x -
axis, so that the sheet is stretched keeping the origin fixed. Initially it is 
assumed that fluid and the plate are at rest after that the plate is moved 
with a constant velocity 0U  in its own plane. Instantaneously at 
time 0t > , temperature of the plate and species concentration are raised 
to wT T  and wC C  respectively, which are thereafter 
maintained constant, where wT , wC  are temperature and species 
concentration at the wall and T , C  are temperature and species 
concentration far away from the plate respectively. A uniform magnetic 
field 0B  is imposed to the plate. The magnetic induction vector 0B  can 
be taken as 00, ,0B B .And  rq  is the radiative heat flux in the y-
direction. Under the usual boundary layer approximation, the MHD 
unsteady nanofluid flow and heat and mass transfer with the radiation  
effect are governed by the following equations; 
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Fig. 1. Physical Configuration and coordinates system
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the initial and boundary conditions are; 
wt 0, u v ax,,T T , C C            everywhere 
t 0, u v ax, T T , C C ,            at 0x                       (5) 
          u 0, T T , C C ,                  as y  
where  is the thermal diffusivity, k is the thermal conductivity,  BD  is the Brownian  diffusion coefficient, TD  is the 
thermophoresis diffusion coefficient, where, x  is the coordinate measured along stretching surface, wu  is the stretching 
velocity, U  is the uniform velocity and v v is the constant suction velocity. 
The Rosseland approximation (Brewster, [14]) is expressed for radiative heat flux and leads to the form as, 
y
T
3
4q
4
*r
                                                      (6)  
where  is the Stefan-Boltzmann constant and  *  is the mean absorption coefficient. The temperature difference with in 
the flow is sufficiently small such that 4T  may be expressed as a linear function of the temperature, then the Taylor’s  
series for 4T  about T  after neglecting higher order terms,  
 434 T3T4T                                                     (7)  
Introducing the following non dimensional variables; 
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Therefore the equations (1) to (5) become; 
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the non-dimensional boundary conditions are; 
0, 0, 0, 0U T C                      everywhere       
          (12)         
0, 1, 1, 1U T C                         at 0Y        
          (13)         
0, 0, 0U T C                     as Y  
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3. Numerical technique 
To solve the governing second order coupled dimensionless partial differential equations (9)-(11) with the associated 
initial and boundary conditions the explicit finite difference method has been used. The present problem is required a set of 
Fig. 2. Finite difference space grid 
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finite difference equation. In this case the region within the boundary layer is divided by some perpendicular lines of 
axisY , where axisY is normal to the medium as shown in Fig. 2. It is assumed that the maximum length of boundary 
layer is maxY 20  as corresponds to Y . i.e. Y varies from 0 to 20 and the number  of  grid  spacing in Y directions is 
m 100 , hence the constant mesh size along axisY  becomes .Y 0 20 0 Y 20  with a smaller time step 
.t 0 005 . Let ,
n n
U T  and 
n
C  denote the values of  ,U T  and C  at the end of a time-step respectively. Using the 
explicit finite difference approximation, the following appropriate set of finite difference equations are obtained as; 
 
n 1 n n n n n n
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and the initial and boundary conditions with the finite difference scheme are 
, ,
0 0 0
ii iU 0 T 0 C 0                                                                             (17) 
, ,
, , where,
n n n
00 0
n n n
LL L
U 1 T 1 C 1
U 0 T 0 C 0 L
                                                  (18) 
Here the subscripts i  designate the grid points with Y coordinates and the superscript n  represents a value of time, 
n  where , , , , ,.............n 0 1 2 3 4 . From the initial condition (17), the values of ,
n n
U T  and 
n
C  are known at 0 . 
At the end of any time-step , the new temperature ,
n 1
T the new concentration ,
n 1
C  the new velocity ,
n 1
U  at all 
interior nodal points may be obtained by successive applications of equations (14), (15) and (16) respectively. This 
process is repeated in time and provided the time-step is sufficiently small ,
n n
U T and 
n
C  should eventually converge to 
values which approximate the solution of equations (14) to (16). Also the numerical values of the average Shear Stress 
A , average Nusselt number u AN and average Sherwood number h AS are evaluated as follows;  
0 0 0
; 1 ;A u A h A
y y y
u T Cdx N R dx S dx
y y y
            (19) 
The stability conditions of the method are, 
2 2 2
2(1 ) 2 2 1b t
r
R N C N T
P Y Y Y
 and 2
2 1.
eY L Y
          (20)  
The convergence criteria of the method are 0.35rP  and 0.25eL . 
4. Results and discussion 
To observe the physical significance of the model, the numerical values of velocity ( )U , temperature ( )T  and 
nanoparticles volume fraction ( )C  have been computed within the boundary layer for different values of Magnetic 
parameter M , Radiation parameter R , Prandtl number rP , Eckert number cE , Lewis number eL , Brownian motion 
parameter bN  and Thermophoresis parameter tN . To obtain the steady state solution, the computation have been carried out 
up to non-dimensional time, 80. The velocity, temperature and nanoparticles volume fraction profiles doesn’t show any 
change after non-dimensional time, 50 . Therefore the solution for 50 is steady-state solution. The graphical 
representation of the problem has been showed in Figs. 3-10. 
Fig. 3 displays the effect of M on the velocity profiles for the different time step. It can be seen that, the velocity of the 
fluid decreases as M increase. It occurs when the momentum boundary layer decreases. Figs. 4 and 5 show the temperature 
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profiles for the different time step and different values of R and Ec respectively. It can be observed that the increasing value 
of R and Ec caused the rising effects on temperature profiles respectively. Since the nanofluid temperature is merely due to 
stretching of the sheet, it satisfies the boundary condition at . Fig. 6 displays the effect of Le on the nanoparticle 
volume fraction profiles. It can be seen that, nanoparticle volume fraction profiles decreases as Le increase.  
 
  
         Fig. 3. Effect of M  on velocity profiles           Fig. 4. Effect of R  on temperature profiles 
 
  
          Fig. 5. Effect of cE  on temperature profiles            Fig. 6. Effect of eL  on concentration profiles 
 
  
          Fig. 7. Average shear stress for different M          Fig. 8. Average Nusselt number for different R  
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The behaviour of the quantities of chief physical interest as the average shear stress A , average Nusselt number u AN  
and average Sherwood number h AS  verses  are illustrated in Figs. 7-10 for different values of magnetic parameter, 
Radiation parameter, Eckert number and Brownian motion parameter respectively. Fig. 7 depicts average shear stress A  
decreases with the increase of M . In Fig. 8, average Nusselt number u AN  decreases gradually for increasing the different 
values of R .  As cE increases average Nusselt number u AN  increases in Fig 9. Also in Fig 10, average Sherwood number 
h AS  increases gradually for increasing the different values of bN .   
  
       Fig. 9. Average Nusselt number for different cE            Fig. 10. Average Sherwood number for different bN  
5. Conclusions 
This paper investigated the effect of magnetic field and thermal radiation on boundary layer heat and mass transfer flow 
over an unsteady stretching surface. Numerical  calculations  are  carried out  for  various  values  of  the  dimensionless  
parameters. The effects of various physical parameters on the heat and mass transfer characteristics were examined. The 
momentum boundary layer thickness and average shear stress reduce as Magnetic parameter is increased. The increase of thermal radiation parameter is caused to the rise of thermal boundary layer thickness. The thermal boundary layer thickness 
and the rate of heat transfer increase as increasing the Eckert number.  
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